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BOCHNER AND CONFORMAL FLATNESS OF NORMAL METRIC CONTACT
PAIRS
GIANLUCA BANDE, DAVID E. BLAIR, AND AMINE HADJAR
ABSTRACT. We prove that the normal metric contact pairs with orthogonal characteristic foliations,
which are either Bochner-flat or locally conformally flat, are locally isometric to the Hopf manifolds.
As a corollary we obtain the classification of locally conformally flat and Bochner-flat non-Ka¨hler
Vaisman manifolds.
1. INTRODUCTION
In 1949 S. Bochner [13] introduced in Ka¨hler geometry a new tensor field as a formal ana-
logue of the Weyl conformal curvature tensor. The Bochner tensor was extended from the Ka¨hler
manifold setting to general almost Hermitian manifolds by Tricerri and Vanhecke [16]. While the
Bochner tensor and Bochner-flatness have been studied in Ka¨hler geometry by a number of authors
over the years, there have not been many applications to Hermitian manifolds that are not always
Ka¨hler. In [12] V. Martı´n-Molina and the second author showed that there are no conformally flat
normal complex contact metric manifolds but that a Bochner-flat normal complex contact metric
manifold must be Ka¨hler and locally isometric to CP 2n+1(4). It should be remarked that the no-
tion of normality used is that due to Korkmaz [15] and includes such non-Ka¨hler normal complex
contact metric manifolds as the complex Heisenberg group.
A normal metric contact pair (with decomposable φ) carries two complex structures and hence
two Bochner tensors. In the present paper we show that if either Bochner tensor vanishes the
manifold is locally isometric to the Hopf manifold S2m+1(1)× S1. As a corollary we will see that
a conformally flat normal metric contact pair must also be locally isometric to a Hopf manifold.
Moreover, as a bypass result, we recover the classification of locally conformally flat and Bochner-
flat non-Ka¨hler Vaisman manifolds.
2. PRELIMINARIES
Contact pairs were introduced by G. D. Ludden, K. Yano and the second author in [11] under
the name bicontact and by the first and third authors in [1, 4] with the name contact pair. A pair
of 1-forms (α1, α2) on a manifold M is said to be a contact pair of type (m,n) if
α1 ∧ (dα1)
m ∧ α2 ∧ (dα2)
n is a volume form,
(dα1)
m+1 = 0 and (dα2)n+1 = 0.
While it is possible to consider a contact pair of type (0,0), it seems most natural to require at least
one of the forms to resemble a contact form, so that at least one of m or n will be positive.
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We can naturally associate to a contact pair two subbundles of the tangent bundle TM :
{X : αi(X) = 0, dαi(X, Y ) = 0 ∀ Y }, i = 1, 2
These subbundles are integrable [1, 4] and determine the characteristic foliations ofM , denotedF1
and F2 respectively. The characteristic foliations are transverse and complementary and the leaves
of F1 and F2 are contact manifolds of dimension 2n + 1 and 2m + 1 respectively, with contact
forms induced by α2 and α1. We also define the (2m + 2n)-dimensional horizontal subbundle H
to be the intersection of the kernels of α1 and α2.
The equations
α1(Z1) = α2(Z2) = 1, α1(Z2) = α2(Z1) = 0,
iZ1dα1 = iZ1dα2 = iZ2dα1 = iZ2dα2 = 0
where iX is the contraction with the vector field X , determine uniquely the two vector fields Z1
and Z2, called Reeb vector fields. Since they commute, they give rise to a locally free R2-action,
called the Reeb action.
A contact pair structure [5] on a manifold M is a triple (α1, α2, φ), where (α1, α2) is a contact
pair and φ a tensor field of type (1, 1) such that:
φ2 = −Id+ α1 ⊗ Z1 + α2 ⊗ Z2, φZ1 = φZ2 = 0.
The rank of φ is dimM − 2 and αi ◦ φ = 0 for i = 1, 2.
The endomorphism φ is said to be decomposable if φ(TFi) ⊂ TFi, for i = 1, 2. When φ is
decomposable, (α1, Z1, φ) (respectively (α2, Z2, φ)) induces, on every leaf ofF2 (respectivelyF1),
a contact form and the restriction φi of φ to the leaf forms an almost contact structure (αi, Zi, φi).
It is important to note that there exists contact pair structures with decomposable φ which are not
locally products [6].
In [6] the first and third authors introduced two natural almost complex structures on the mani-
fold M by
J = φ− α2 ⊗ Z1 + α1 ⊗ Z2, T = φ+ α2 ⊗ Z1 − α1 ⊗ Z2.
The contact pair structure is said to be normal if both of these almost complex structures are
integrable.
On manifolds endowed with contact pair structures it is natural to consider the following metrics
[5]. Let (α1, α2, φ) be a contact pair structure on M . A Riemannian metric g on M is said to be
associated if
g(X, φY ) = (dα1 + dα2)(X, Y ),
g(X,Zi) = αi(X), i = 1, 2.
A metric contact pair on a manifold M is a four-tuple (α1, α2, φ, g) where (α1, α2, φ) is a contact
pair structure and g an associated metric with respect to it. Such a manifold will also be called a
metric contact pair. We note that on a normal metric contact pair, the Reeb vector fields are Killing.
For a metric contact pair, (α1, α2, φ, g), the endomorphism field φ is decomposable if and only
if the characteristic foliationsF1,F2 are orthogonal. In this case (αi, φ, g) induces a contact metric
structure (αi, φi, g) on the leaves of Fj , for j 6= i . Thus we assume the decomposability of φ
throughout. By the normality each (αi, φi, g) is a Sasakian structure on each leaf of the character-
istic foliations. Moreover the leaves are minimal submanifolds [7].
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In the course of our work we will need the following lemmas. Some formulas from [2, 5] can
be summarized as follows:
Lemma 1. On a normal metric contact pair with decomposable φ, for every X we have
∇XZ1 = −φ1X, ∇XZ2 = −φ2X.
Using the previous lemma, we can restate Corollary 3.2 of [3] as follows:
Lemma 2. On a normal metric contact pair with decomposable φ, the covariant derivative of φ is
given by
g((∇Xφ)Y, V ) =
2∑
i=1
(
dαi(φY,X)αi(V )− dαi(φV,X)αi(Y )
)
and hence for the almost complex structure J we have
g((∇XJ)Y, V ) =
2∑
i=1
(
dαi(φY,X)αi(V )− dαi(φV,X)αi(Y )
)
− dα2(X, Y )α1(V )− dα1(X, V )α2(Y )
+ dα1(X, Y )α2(V ) + dα2(X, V )α1(Y ).
Our conventions for the curvature tensor of a Riemannian manifold are
R(X, Y )V = ∇X∇Y V −∇Y∇XV −∇[X,Y ]V,
R(X, Y, V,W ) = g(R(X, Y )V,W ).
Let Z = Z1 + Z2; from Theorem 2 of [8] or the proof of Lemma 2.1 of [2] one readily has the
following lemma.
Lemma 3. On a normal metric contact pair with decomposable φ,
g(RXY Z, V ) =dα1(φV,X)α1(Y ) + dα2(φV,X)α2(Y )
− dα1(φV, Y )α1(X)− dα2(φV, Y )α2(X).
Lemma 4. On a normal metric contact pair with decomposable φ let X be a local unit vector field
in TF2 ∩ H. Then
R(X,Z1, Z1, X) = 1, R(X,Z1, Z2, X) = 0, R(X,Z2, Z2, X) = 0.
Proof. Using Lemmas 1 and 2, we have
R(X,Z1, Z1, X) =g(−∇Z1∇XZ1 −∇[X,Z1]Z1, X)
=g(∇Z1φ1X + φ1[X,Z1], X)
=g((∇Z1φ1)X + φ1(∇XZ1), X)
=g(−φ21X,X)
=1.
Similarly
R(X,Z1, Z2, X) = g(−∇Z1∇XZ2 −∇[X,Z1]Z2, X) = 0.
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Finally, since Z2 is Killing,
R(X,Z2, Z2, X) =g(−∇[X,Z2]Z2, X)
=g(∇∇Z2XZ2, X)
=− g(∇XZ2,∇Z2X)
=0.

We denote by ρ(R) or ρ(X, Y ) or simply ρ the Ricci tensor of R and by τ the scalar curvature.
For an almost Hermitian manifold with almost complex structure J , we recall the ∗-Ricci tensor
defined by ρ∗(X, Y ) =
∑
iR(X, ei, Jei, JY ) where {ei} is an arbitrary orthonormal basis. In
general ρ∗ is not symmetric but it does satisfy ρ∗(X, Y ) = ρ∗(JY, JX). The trace of ρ∗, denoted
τ ∗, is called the ∗-scalar curvature.
A normal metric contact pair carries two Hermitian structures (g, J) and (g, T ), with respect to
the same metric g, giving rise to a pair of ∗-Ricci tensors. In the sequel, ρ∗ will denote the ∗-Ricci
tensor of (g, J).
Lemma 5. On a normal metric contact pair with decomposable φ,
ρ∗(X, Y ) =ρ(X, Y )− (2m− 1)g(φ1X, φ1Y )− (2n− 1)g(φ2X, φ2Y )
− 2mα1(X)α1(Y )− 2nα2(X)α2(Y ).
Moreover ρ∗ is symmetric and J-invariant and we have
τ − τ ∗ = 4(m2 + n2).
Proof. On an almost Hermitian manifold we have the following relation between the Ricci tensor
and ∗-Ricci tensor, [18, p. 195]
(ρjt − ρ
∗
jt)J
t
i = ∇t∇jJ
t
i −∇j∇tJ
t
i.
From Lemmas 1 and 2 we have
∇tJ
t
i = −2m(α1)i − 2n(α2)i
and differentiating
∇j∇tJ
t
i = −2m(φ1)ji − 2n(φ2)ji.
In like manner, differentiation of the formula of Lemma 2 also yields
∇t∇jJ
t
i = −φji − 2m(α2)i(α1)j + 2n(α1)i(α2)j.
Using these we have
(ρjt − ρ
∗
jt)J
t
i = (2m− 1)(φ1)ji + (2n− 1)(φ2)ji − 2m(α2)i(α1)j + 2n(α1)i(α2)j.
Or in an invariant language
ρ∗(Y, JX)− ρ(Y, JX) =− (2m− 1)dα1(Y,X)− (2n− 1)dα2(Y,X)
+ 2mα1(Y )α2(X)− 2nα1(X)α2(Y ).
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Replacing X by JX we have
ρ(Y,X)− ρ∗(Y,X) =(2m− 1)g(φ1Y, φ1X) + (2n− 1)g(φ2Y, φ2X)
+ 2mα1(X)α1(Y ) + 2nα2(X)α2(Y )
as desired. By the previous relation and the symmetry of ρ we get the symmetry of ρ∗. Next, by
the fact that ρ∗(X, Y ) = ρ∗(JY, JX), we obtain the J-invariance of ρ∗. Contracting in the same
relation, we have for the scalar curvature τ − τ ∗ = 4(m2 + n2). 
Now consider a local orthonormal basis {E1, . . . , Em, Em+1, . . . , Em+n, Z1, Z2} where the first
m vector fields are tangent to the leaves of F2 and the next n tangent to the leaves of F1. From
Lemma 3 we have the following.
ρ(Z1, Z1 + Z2) =
m∑
i=1
dα1(φEi, Ei) = 2m.
Similarly ρ(Z2, Z1 +Z2) = 2n. For simplicity we abbreviate ρ(Zi, Zj) by ρij and the same for ρ∗.
We then have the following lemma.
Lemma 6. On a normal metric contact pair with decomposable φ, ρ is J-invariant on horizontal
vectors, i.e. ρ(JX, JY ) = ρ(X, Y ), and
ρ11 = 2m, ρ22 = 2n, ρ12 = 0, ρ
∗
11 = ρ
∗
22 = ρ
∗
12 = 0.
Proof. From the symmetry of ρ∗ and the formula of Lemma 5, the J-invariance of ρ restricted to
H is immediate. By the J-invariance of ρ∗ we have ρ∗(Z,Z) = ρ∗(Z2 − Z1, Z2 − Z1) giving
ρ∗12 = 0. The formula of Lemma 5 then gives ρ12 = 0. We noted above that ρ(Z1, Z) = 2m and
ρ(Z2, Z) = 2n and therefore ρ11 = 2m and ρ22 = 2n. Finally Lemma 5 gives ρ∗11 = ρ∗22 = 0. 
3. THE BOCHNER CURVATURE TENSOR
In [16] F. Tricerri and L. Vanhecke gave a complete decomposition of the space of curvature
tensors over a Hermitian vector space into irreducible factors under the action of the unitary group
similar to the well known decompostion of curvature tensors in the Riemannian setting with the
action of the orthogonal group. In the real case the Weyl conformal curvature tensor emerges
in a natural manner and correspondingly the Bochner tensor for an almost Hermitian manifold
emerges as one factor of the decomposition. The Bochner tensor in almost Hermitian geometry is
considerably more complicated than that in Ka¨hler geometry and as a result has not been studied
extensively.
Define (0, 4)-tensors pi1, pi2 and L3R by:
pi1(X, Y, Z,W ) = g(X,Z)g(Y,W )− g(Y, Z)g(X,W ),
pi2(X, Y, Z,W ) = 2g(JX, Y )g(JZ,W ) + g(JX,Z)g(JY,W )− g(JY, Z)g(JX,W ),
L3R(X, Y, Z,W ) = R(JX, JY, JZ, JW ).
6 GIANLUCA BANDE, DAVID E. BLAIR, AND AMINE HADJAR
Given a (0, 2)-tensor S, we denote by ϕ(S) and ψ(S):
ϕ(S)(X, Y, Z,W ) =g(X,Z)S(Y,W ) + g(Y,W )S(X,Z)
− g(X,W )S(Y, Z)− g(Y, Z)S(X,W ),
ψ(S)(X, Y, Z,W ) =2g(X, JY )S(Z, JW ) + 2g(Z, JW )S(X, JY )
+ g(X, JZ)S(Y, JW ) + g(Y, JW )S(X, JZ)
− g(X, JW )S(Y, JZ)− g(Y, JZ)S(X, JW ).
Taking into account our sign convention for the curvature tensor and complex dimension of our
complex manifold, the normal metric contact pair M , the Bochner tensor of Tricerri and Vanhecke
is given by the following. Given a metric contact pair of complex dimension m + n + 1 > 2, the
Bochner tensor corresponding to the complex structure J is defined as
B =R +
1
4(m+ n+ 2)
ψ(ρ∗)(R− L3R) +
1
4(m+ n)
ϕ(ρ)(R − L3R)
+
1
16(m+ n+ 3)
(ϕ+ ψ)(ρ+ 3ρ∗)(R + L3R)
+
1
16(m+ n− 1)
(3ϕ− ψ)(ρ− ρ∗)(R + L3R)
−
τ + 3τ ∗
16(m+ n+ 2)(m+ n+ 3)
(pi1 + pi2)−
τ − τ ∗
16(m+ n− 1)(m+ n)
(3pi1 − pi2).
We will work almost exclusively with this complex structure. When discussing both J and T we
will denote the corresponding Bochner tensors by BJ and BT respectively.
When the complex dimension is 2, the formula for the Bochner tensor is somewhat different and
the formula given in [16] is in error; the correct formula is the following.
B =R +
1
12
ψ(ρ∗)(R− L3R) +
1
4
ϕ(ρ)(R − L3R)
+
1
64
(ϕ+ ψ)(ρ+ 3ρ∗)(R + L3R)−
τ + 3τ ∗
192
(pi1 + pi2) +
τ − τ ∗
32
(3pi1 − pi2).
4. MAIN RESULTS
We now turn to our main result on Bochner-flatness and then discuss the question of conformal
flatness as a corollary.
Theorem 7. Let (M,α1, α2, φ, g) be a normal metric contact pair with decomposable φ. If either
of the two Bochner tensors, BJ or BT , vanishes, then M is locally isometric to the Hopf manifold
S
2m+1(1)× S1.
The proof will be given in three stages. We will first prove the theorem for the Bochner tensor
BJ to be denoted simply by B for complex dimension m + n + 1 > 2 (Stage 1). Then we will
prove the theorem for the case of complex dimension 2 (Stage 2). Finally we indicate the proof for
the Bochner tensor BT (Stage 3).
Proof. Stage 1, Step 1:
We begin by evaluating B on the Reeb vector fields, in particular we have 0 = B(Z1, Z2, Z2, Z1).
We proceed term by term in the definition of B. That R(Z1, Z2, Z2, Z1) = 0 is immediate since
∇ZiZj = 0. The next term in the definition vanishes by virtue of ρ∗ being J-invariant (Lemma 5).
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In the third term the Ricci tensors in ϕ(ρ)(R − L3R) all cancel. We separate the fourth term into
two parts corresponding to the action of (ϕ+ψ) on ρ and on 3ρ∗. In the fifth term we separate into
the parts corresponding to 3ϕ(ρ − ρ∗) and −ψ(ρ − ρ∗) and these contribution cancel each other.
Recalling that τ −τ ∗ = 4(m2+n2) the sixth and seventh terms are easily evaluated. Thus we have
0 = B(Z1, Z2, Z2, Z1) =
1
16(m+ n+ 3)
(−16m− 16n) +
τ − 3(m2 + n2)
(m+ n+ 2)(m+ n+ 3)
.
Solving for τ we obtain
(1) τ = 2m(2m+ 1) + 2n(2n+ 1) + 2mn.
Stage 1, Step 2:
Since metric contact pairs of type (0,0) are not of interest, we suppose that m > 0. Then we may
choose the unit vector X in TF2 ∩ H. Calculating as above using the results of Lemmas 4 and 6
we have the following.
0 =B(X,Z1, Z1, X) = 1 +
1
4(m+ n)
(−(2m− 2n))
+
1
16(m+ n+ 3)
(−(2m+ 2n)− 2ρ(X,X)) +
3
16(m+ n+ 3)
(−2ρ∗(X,X))
+
3
16(m+ n− 1)
(−(2m+ 2n)− 2ρ(X,X) + 2ρ∗(X,X))
+
τ − 3(m2 + n2)
4(m+ n+ 2)(m+ n + 3)
+
3(m2 + n2)
4(m+ n− 1)(m+ n)
=1−
m− n
2(m+ n)
+ the additional terms.(2)
Similarly
0 =B(X,Z2, Z2, X)
=
1
4(m+ n)
(−(2n− 2m)) + the same additional terms.
Subtracting these two equations we have
0 = 1−
m− n
m+ n
=
2n
m+ n
giving n = 0 and, from (1), τ = 2m(2m+ 1).
Stage 1, Step 3:
Returning to equation (2) with n = 0 and using Lemma 5 we have
0 =B(X,Z1, Z1, X) =
1
2
+
1
16(m+ 3)
(−2m− 2ρ(X,X))
+
3
16(m+ 3)
(−2ρ(X,X) + 4m− 2) +
3
16(m− 1)
(−6m+ 2)
+
τ − 3m2
(m+ 2)(m+ 3)
+
3m2
4m(m− 1)
.
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With τ = 2m(2m+ 1) we may solve for ρ(X,X) and we have
ρ(X,X) = 2m and ρ∗(X,X) = 1.
Stage 1, Step 4:
The vector field Z2 restricted to a leaf of F2 is the normal to the leaf as a submanifold. By Lemma
1, Z2 is parallel along the submanifold giving that the leaves are totally geodesic submanifolds.
Moreover its own integral curves on M are geodesics. ThereforeM is a local Riemannian product.
Finally with X as above, we compute 0 = B(X, φX, φX,X) obtaining
0 = B(X, φX, φX,X) = R(X, φX, φX,X)− 1.
Therefore the leaves of F2 are Sasakian manifolds of constant φ-sectional curvature +1. With
n = 0 and m + n + 1 > 2, the leaves are of dimension ≥ 5; but a Sasakian manifold of constant
φ-sectional curvature +1 and dimension ≥ 5 must be of constant curvature +1 (see e.g. [10, p.
139]).
As a result the universal cover of M is S2m+1(1)× R, completing Stage 1 of the proof.
Stage 2:
The proof of the theorem in dimension 4 is very similar but using the formula for the Bochner
tensor in this dimension. Since m + n + 1 = 2, one of m or n vanishes and we take n = 0 at the
outset. The computation of 0 = B(Z1, Z2, Z2, Z1) is straightforward and gives, as in the derivation
of equation (1),
ρ11 + ρ22 = 1 +
τ
6
.
From Lemma 6, ρ11 = 2 and ρ22 = 0, therefore τ = 6. We also have for X unit and horizon-
tal ρ(X,X) = ρ(JX, JX) and we then obtain ρ(X,X) = 2. Since X was arbitrary as a unit
horizontal vector we also have ρ(X+JX√
2
, X+JX√
2
) = 2 and hence ρ(X, JX) = 0.
As in Stage 1, Step 4, M is locally the Riemannian product of a Sasakian manifold N3 of R.
Since Z1 is the Reeb vector field of a Sasakian manifold, Z1 is pointwise an eigenvector of the
Ricci operator (see e.g. [10, p. 113]), which gives us ρ(Z1, X) = ρ(Z1, JX) = 0. Therefore, with
ρ(X, JX) = 0 and ρ11 = ρ(X,X) = ρ(JX, JX) = 2 we have that N3 is Einstein and in turn of
constant curvature +1.
Stage 3:
Recalling that J = φ−α2⊗Z1+α1⊗Z2 and T = φ+α2⊗Z1−α1⊗Z2, note that on horizontal
vectors these are the same and that they act with opposite signs on vertical vectors. In particular
this means that interchanging the roles of the type numbers m and n, we have that the Bochner
tensorsBJ and BT are interchanged. Thus to show thatBT = 0 implies thatM is locally isometric
to the Hopf manifold, it is enough to return to Stage 1, Step 2 and work through the rest of the
proof starting with n > 0 instead of m > 0 and X ∈ TF1 ∩ H. This proceeds in the same way
giving m = 0, etc. In the 4-dimensional case, work with m = 0 to begin with. 
Remark 8. Observe that a priori the two Bochner tensors are not the same. For example on a,
not necessarily Bochner-flat, normal metric contact pair BT (X, JX,Z1, Z2) is the negative of
BJ(X, JX,Z1, Z2) for a horizontal X .
In the Stage 2 of the proof of Theorem 7, we only use the normality condition and the assumption
B(Z1, Z2, Z2, Z1) = 0. Hence:
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Theorem 9. A normal metric contact pair of dimension 4 on which either BJ(Z1, Z2, Z2, Z1) or
BT (Z1, Z2, Z2, Z1) vanishes, is locally isometric to the Hopf manifold S3(1)× S1.
Turning to the conformally flat question, we have the following theorem as a corollary of our
Theorem 7.
Theorem 10. Let (M,α1, α2, φ, g) be a normal metric contact pair with decomposable φ. If M is
conformally flat, then it is locally isometric to the Hopf manifold S2n+1(1)× S1.
Proof. As a complex manifold, if a normal metric contact pair is conformally flat, it is locally
conformal to Cn+1 and Cn+1 is Bochner-flat. Since the Bochner tensor is a conformal invariant
[16, Theorem 11.1] the manifold is Bochner-flat and hence locally isometric to the Hopf manifold
by Theorem 7. 
We end the paper with an application to Vaisman manifolds. Recall that on a Vaisman manifold
the Lee form is parallel, then it has constant length c. The manifold is non-Ka¨hler if and only
if c 6= 0 and after a constant rescaling of the metric we can achieve that c = 1. In [9] it was
shown that, up to constant rescaling of the metric, there is a bijection between non-Ka¨hler Vaisman
manifolds and normal metric contact pairs of type (n, 0) (the latter corresponding to c = 1).
Therefore we can apply our previous results to give a classification of locally conformally flat
and Bochner-flat non-Ka¨hler Vaisman manifolds:
Corollary 11. Let M be a (2n + 2)-dimensional non-Ka¨hler Vaisman manifold. If M is either
Bochner-flat or locally conformally flat then, after a rescaling of the metric by the inverse of the
length of the Lee form, it is locally isometric to the Hopf manifold S2n+1(1)× S1.
For the locally conformally flat case, the result was already proven by Vaisman [17, Theorem
3.8]. The Bochner-flat case was proven by Kashiwada [14] which showed an equivalence between
locally conformally flatness and Bochner-flatness for Vaisman manifolds.
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